The moduli stack of formal groups and chromatic
homotopy theory

Xiaoyang Chen

Qiuzhen College, Tsinghua University
2025 Summer



), HFLLRABR

7 ) Qiuzhen College, Tsinghua University

Contents

1 Formal groups and the moduli stack of formal groups 1
1.1 Functor-of-points style algebraic geometry . . . . . . . . . ... ... ... 1
1.2 Tangent schemes and formal groups . . . . . .. .. ... ... ... ... ..., 3
1.3 Stacks and algebraic stacks . . . . . .. ... L L 6

2 The moduli stack of formal groups 10
2.1 Coordinates and descent of formal groups . . . . . . . ... ... ... ...... 10

2.2 The p-local case and the height filtration . . . . . . .. .. ... ... ... .. .. 16



), dF 42 REAHK

7 ) Qiuzhen College, Tsinghua University

Chapter 1

Formal groups and the moduli stack
of formal groups

1.1 Functor-of-points style algebraic geometry

We first give a brief introduction of the functor of points, which gives us a more convenient way
of treating formal groups.

Definition 1.1.1. For a ring R, let the category of commutative R-algebras to be Algp. We
define an affine scheme over R to be a functor F': Algp — Set corepresentable by an R-algebra
A, that is, F' ~ Homag, (A4, —). We denote this functor by Spec A. We define an R-functor to
be any functor Algp — Set. Clearly, the category of R-functors has all limits and colimits by
pointwise constructions. We denote the category of affine schemes over R to be Affr, and the
category of R-functors to be pSh(Affg).

Definition 1.1.2. For a map of affine schemes f : Spec B — Spec A, by Yoneda lemma this
corresponds to a map of R-algebras f: A — B. We say Spec B — Spec A is a closed immersion
if A — B is surjective. This clearly identifies B with A/ker f, hence with A/I for some ideal
I. We denote this affine scheme by V(I) or Spec A/I.

We define the complement open immersion of a closed immersion to be the R-functor
Spec A — Spec(A/I) : Algp — Set,B— (f : A— B,B®4 A/I =0)

We denote this functor by D(I). Natural transformations with codomain an affine scheme is an
open immersion iff it can be identified with some functor of the above form.

We define a map of R-functors X — Y to be affine, if for any map of R-functors SpecA — Y,
we have Spec A xy X is affine.

We define a map of R-functors X — Y to be a closed immersion, if it is affine and Spec A xy
X — Spec A is a closed immersion of affine schemes. We define a map of R-functors X — Y to
be an open immersion, if for any map of R-functors Spec A — Y, we have Spec A xy X — Spec A
is an open immersion.

We define a map of R-functors X — Y to be separated if the diagonal map X — X xy X
is a closed immersion.

Definition 1.1.3. For a R-functor X, we define the space of geometric points | X | to be the set
of equivalence classes of maps Speck — X, where two maps Speck — X and Speck’ — X are
equivalent if & and k¥’ admits a common extension k”, and there is a map Speck” — X such
that it factors through Speck” — Speck’ and Speck” — Speck. This is a topological space
with open sets |U| where U is an open subscheme of X.

Clearly, a map of R-functors X — Y induces a continuous map |X| — |Y|. We say a map
f: X — Y is quasi-compact if for every open affine subset |U| C |Y], f~}(U) is affine.
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Definition 1.1.4. An R-functor X : Algp — Set is a scheme if it satisfies the two following
properties.

1. X is a sheaf with respect to the Zariski topology in Algp.

2. There is a collection of affine schemes Spec A; such that we have open immersions
Spec A; — X and

H SpecA; — X
induces a surjection of sets evaluated at every field over R.

Construction 1.1.5. Let X be an arbitrary R-functor, and consider the category
pSh(Affr)/X. We define a sieve over X to be a subfunctor F' of Hompgnag,)(—, 1x) (that
is, a pointwise injection F'(Y — X) — Hompshag,) (Y — X, 1x)). Equivalently, a sieve over
X is a collection of morphisms S = {X; — X} such that if f € S, and g is any morphism
pre-composable with f, we have fg € S. In this sense, we define for a collection of morphisms
S’ = {X; — X} the sieve generated by T to be the collection of morphisms S = {fg|f € S'}.

For a functor F' : pSh(AffR)°? — € (where C is any category), let S be a sieve over an
R-functor X, we define

Pl
Fs)=lm( [] rexy= ]I XixxX))
X, —XeS P2 X;—»X,X;—XeS

We define a topology to be a collection of covering sieves J(X) associated to all R-schemes
X such that the following holds.

1. Hompsp(afry)(— 1x) € J(X).
2. The sieve generated by all morphisms Spec A — X is in J(X).
3. If Se J(X),and Y — X is a morphism of R-functors, then S xx Y € J(Y).

4. For a sieve S € J(X), if for another sieve T over X such that for all f: X; — X € J(X),
we have f*T € J(X;), then T € J(X).

A site is a category equipped with a topology.

Remark 1. The above equivalent definition of sieves can be explained as follows. First note that
Hompsh(afry) (Y — X, 1) is the singleton set consisting of the morphism Y — X. Therefore, a
subfunctor of it is equivalent to the data of some morphisms X; — X, where for these morphisms
we have F'(X; — X) is empty. Thus the morphisms above are closed under precomposition with
other morphisms.

Moreover, the second assertion for the topology guarantees that every functor satisfying
descent is a left Kan extension of its restriction to the affine schemes.

Construction 1.1.6. We define the Zariski site to be the category of schemes with morphisms
the open immersions, and equipped with the topology generated by finite coverings.

We define the etale site to be the category of schemes with morphisms the etale maps, and
equipped with the topology generated by finite coverings.

The small Zariski site and etale site over some scheme X is defined likewise.

Definition 1.1.7. For a topology chosen on the category of schemes and an R-functor X, we
define a sheaf for this topology over X to be a functor F : (Aff /X )°P — C, such that the descent
condition for the topology on affine schemes holds (that is, suppose U € Aff /X and S € J(U)
for the topology, then F(U) ~ F(9)).

For a geometric point x € X, we define the stalk of a sheaf F at x to be

Fp = lim Ox(U)

Uszx

2
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Construction 1.1.8. We define the Zariski structure sheaf of an R-functor X to be Ox :
(Aff/openX)? — Ring by sending an affine open U =~ Spec A to the ring A. A sheaf F of
Ox-modules is a Zariski sheaf over X such that for all affine opens Spec A ~ U C X, we have
F(U) is a A-module (A ~ Ox(U)), and for all inclusions V' C U (or equivalently, a ring map
A — B where V =~ Spec B), the restriction map F(U) — F(V) is a map of A-modules.

We define an O x-module F to be quasi-coherent if there is a cover of X by open subschemes
Ui, such that we have an exact sequence of Oy,-modules

0f, = 0. = Flu, = 0

where I and J are possibly infinite index sets.

Clearly, for a map f : X — Y, we have a pair of adjunctions f* : Mody, = Modp, : f,
where f,F(U — X) ~F(U xxY = Y),and f*F(V - Y) = @UQVE(U — X). Here, f*
preserves quasi-coherent sheaves, while f, not necessarily preserves quasi-coherent sheaves.

Construction 1.1.9. We may form the construction of relative spectrums in terms of the
functor of points. For a scheme S and a quasi-coherent sheaf of Og-algebras A, we define the
relative spectrum Specg A by the functor of points Aff°P — Set by sending U to pairs (f, ¢),
where f : U — S is a morphism, and ¢ : f*A — Op a morphism of Op-algebras. It is easy to
verify that for the case where S = Spec R is affine, then this relative spectrum Specg A gives
SpecT'(S;A).

Construction 1.1.10. We define a map of R-functors f : X — Y to be flat if for all geometric
point z € |X]|, it induces a flat map Oy s,y = Ox., and it is faithfully flat if it is flat and
surjective, that is, induces an surjection X (k) — Y (k) for all R-fields k.

We define the fpqc topology to be the category of schemes equipped with the topology
generated by the following coverings on affine schemes: a fpqc cover of an affine scheme U is a
finite collection of flat morphisms U; — U such that [[U; — U is surjective.

The fpqc topology is subcanonical. That is, for a scheme X over a scheme S, X can be
viewed as a fpqc sheaf over S via the Yoneda embedding.

Theorem 1.1.11. If f : X — Y is a faithfully flat morphism of schemes, then the category of
quasi-coherent sheaves over Y is equivalent to the following category of descent data Desc(f).
Let Desc(f) denote the category with objects pairs (F,1), where F is a quasi-coherent sheaf over
X, and = piF — p5F (here p1,p2 : X xy X — X are the projection maps), such that we
have pi 51 ~ p3 s9p] o3 (here p;j : X xy X xy X — X xy X are the corresponding projection
maps). Clearly, a quasi-coherent sheaf over Y defines a descent data by the obvious pullbacks.

In particular, this, along with the fact that two quasi-coherent sheaves ¥ — G over S are
isomorphic iff for a faithfully flat map f : T — S we have f*F — f*G is an isomorphism,
implies that QCoh is a fpqc-stack. We will define this later.

A similar descent theorem holds for affine schemes over Y.

1.2 Tangent schemes and formal groups

Definition 1.2.1. Let X be any R-functor, then we let Tx denote the R-functor such that
Tx(A) = X(Afe]) (here Afe] ~ A[z]/x?). Clearly, we have a projection functor Tx — X and a
zero section functor X — T, induced by the projection map and inclusion map Ale] — A and
A — Alel.

If X — S is a morphism of R-functor, we define the relative tangent functor Tx /g to be the
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pullback
Tx/s — Tx
S — TS

The tangent functor Tx/g is an Abelian group scheme over X if X — S is a separated
morphism of schemes.

Definition 1.2.2. Let i : X — Y be a closed embedding of schemes given by a sheaf of ideals
J. Then we define the n-th infinitesimal neighborhood of X to be Inf% (Y) C Y induced by the
sheaf of ideals J. This definition can be generalized to any injection of fpqc sheaves over some
base scheme S, by applying the above definition to any suitable fpqc cover of the morphism.

We define the conormal sheaf to be wy/y = i*(J/ J92). For a finer construction, we consider
the graded Ox-algebra A%y = @ i*(J% /%1, The relative spectrum gives the normal cone
Cx/y = Specy A.

By construction, we have wy/y ~ wx;mf (v)-

Definition 1.2.3. Let S be a scheme and let X be a fpqc sheaf over S, then we have a structure
map X — S and some section e : S — X. We say X is ind-infinitesimal if the natural map
liglInfg(X ) — X is an isomorphism of sheaves.

We define this property for fpqc sheaf rather than schemes over S since we use here the
functor of points to describe formal schemes (see below).

Definition 1.2.4. Let A be a topological ring over a ring R. Then we define Spf A to be the
R-functor by Spf(A)(B) = @Hom(A /I, B), where the colimit is taken over open ideals.

Definition 1.2.5. Let .S be a scheme, X a sheaf in the fpqc topology over S, and let e : § — X
be a section of the structure map X — S, then we say (X, e) is a formal Lie variety if

1. X is ind-infinitesimal and Inf'¢(X) is representable by an scheme over S whose structure
morphism is affine.

2. The conormal sheaf wg,x is locally free of finite rank over S.
3. We have an isomorphism of graded rings Symy (wS/ x) > A§ /X

Theorem 1.2.6. Let X be a formal Lie variety over S. Then there is an affine Zariski cover
[1Spec A; — S such that X x gSpec A; is of the form Spf A;[[x1, ..., x]] with topology generated

by the open ideal (z1,...,x). This choice of affine Zariski cover and the isomorphism is non-
canonical.
Proof. For the case where S = Spec A and the sheaf wg, x is free with global sections z1, ..., .

Then let § = Sym. (wg/x) be the augmentation ideal. Note that if we let the ideal sheaf asso-
ciated to the closed immersion e, : S — Inf'¢(X) to be J,, then we clearly have an identification
Inf(X) ~ Spec Alz1,...,x¢]/(z1,...,2¢)". Taking the colimit gives X ~ Spf A[[X1,...,z]]
with the ideal of definition (z1,..., ;).

The general case follows easily from the above local case. O

Definition 1.2.7. Let S be a scheme. We define a formal group over S to be an Abelian group
object (G, e) in the category of formal Lie varieties over S with the property that wg = wg/q
is locally free of rank 1 over S.

Let A be a ring. Then we define a formal group law over A to be a formal power series

S A[[xay]] such that f(]I,O) = f(07$) =7, f(xay) = f(y7 ZII), f(maf(y7 Z)) = f(f(x,y),z)

Remark 2. By theorem 1.2.6, a formal group over S is locally presented by a formal group law
over the corresponding base ring.
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Definition 1.2.8. We define the Lie algebra of a formal group over S to be the following
pullback
LiGG — TG/S

S —— X
hence Lieg admits a structure of an Abelian scheme over S. By definition, we have Lieg =~
Specg Sym wg/, where wg/ is the conormal bundle.

In the case where the base scheme is of characteristic p, an interesting structure called the
Frobenius morphism arises.

Construction 1.2.9. Let S be a scheme over F,, where p is a prime, then there is a map
Frobg : § — S sending « € S(A) to 2P is a well-defined morphism of schemes over SpecF).
Then, for any scheme X/S, we define the Frobenius of X to be X (P) be given by the pullback

x®

£

Moreover, there is a relative Frobenius morphism Frobyx,g : X — X (?) given by the above
pullback diagram

Frob g

Frob x

Froby g
X Ay 5 x
\ »\SL Frobg :SL
This is a well-defined morphism of schemes over S. Clearly, the Frobenius construction of a

group scheme is still a group scheme. Note that this construction makes sense for formal groups
by taking colimits of its infinitesimal neighborhoods, which are group schemes.

Lemma 1.2.10. Let G/S be a formal group. Then we have a natural identification Lieg) ~

Lieg . Moreover, the relative Frobenius map Frobg s : G — G?) induces a zero map Lieg —
Lieq), that is, it factors as
Lieg — S — Liegp)

Finally, the relative Frobenius map is the initial map inducing a zero map on the Lie algebras,
that is, for any map G — H such that Lieq — Liey is null, we have this map factors through
LieG — LieG(p).

Proof. The first assertion is direct by verifying definitions, and for the second, note that for R
an F)-algebra, the frobenius on Rle] can be identified with

Rle] —» R 28 R <y R[]

since € is killed by taking p-th power. Therefore by the definition of the Lie algebra of G we
have the result.

For the last assertion, we work locally and assume that G comes from a formal group law
over an affine scheme Spec A. Then the morphisms of formal group laws are formal power series
f € Al[z]], and it induces the zero map on Lie algebras implies that f’(z) = 0. This, along
with A having characteristic p, implies that f(x) = g(aP), and g gives the factoring through the
relative Frobenius G — H. O
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Lemma 1.2.11. For a formal group G over S, we have wgr ~ wg.

Proof. This follows from the fact that the relative Frobenius of the Lie algebras itself Lieg —
Lie(Gp) comes from the Frobenius map on the quasi-coherent sheaf of algebras Sym§(wae)) —

Sym§(we), and hence we obtain a homomorphism from wg ) Sym’(wg) by the definition of

the Frobenius, and since both sides are 1-dimensional, so it is an equivalence. ]

Construction 1.2.12. Let G be a formal group over S. [p] : G — G be the p-th power map.
By definition have [p]’(z) = 0 in a characteristic p ring, so we have [p] : G — G induces the zero
map on the Lie algebras, and so factors through the Frobenius map, and we name the factoring
V : G®) — G the verschiebung map. We say G has height at least n if we have the following n
factoring of maps (that is, V' induces the zero map on Lie algebras again, which goes on).

GORE (p rObg(”b(pQ) e QM)

\ |
P =" %
G

Note that all these construction of V,, are natural since Frobg /g is initial.

Proposition 1.2.13. Let G be a formal group over S/ SpecF,. Suppose that G has height at
least n, then there is a global section v, (G) € I'(S; anfl), so that G has height at least n+ 1 iff
vn(G) = 0. Moreover, the construction v,(G) is natural such that for any morphism f:T — S
and H ~ f*G is a formal group over T, then f*v,(G) ~ v,(H).

Proof. Note that the height of G is at least n 4 1 iff in the above dlagram the morphism V,
induces a zero map on Lie algebras, and hence iff dV;, : wg = waen) ~ wG is zero. Since WG is
locally free of rank one, by tensoring wG to the above we obtain a section v, (G) : Og — wG

controlling the behavior of being height at least n+ 1. The naturality comes from the naturality
of maps of Lie algebras and Verschiebungs. O

1.3 Stacks and algebraic stacks

We use the modern definition of stacks. The usual definition would be a category fibered in
groupoids, which, by the straightening and unstraightening, is equivalent to a sheaf valued in
stacks.

Definition 1.3.1. For a site C, we define a stack over € to be a functor ¥ : C°? — Grpd such
that for any cover for the topology {U; — U}, we have F(C({U; — U})) is a limit diagram
in Grpd. Here C denote the Cech nerve for the covering. This property is equivalent to the
following, where {U; — U} is again a covering.

L. If X,Y € F(U), and ¢; : X|y, = Y|y, are morphisms where we have ¢i|y, . ~ ¢jlu, .,
then there is a morphism ¢ : X — Y such that ¢|y, ~ ¢;.

2. It XY € F(U), and 9,9 : X — Y are morphisms, then if ¢|y, = 9|y, for all U;, then
P =1

3. If X; € F(U;), and ¢;; : Xi|v,; — Xj|u, ; are morphisms satisfying the cocycle condition
%,k|Ui,j,k ¢Z7J\ka %,k\ka, then there is some X € F(U), and ¢; : X|; ~ X; such
that ¢; ;o ¢i|Ui,j = 90j|Ui,j'

We define the 2-category of stacks by defining the objects of this category to be stacks,
morphisms the morphisms of sheaves, and 2-morphisms the natural transformations.

In this lecture, we will restrict to the case where € = Aff /S, and the topology is the Zariski,
etale, or fpqc topology.
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Remark 3. In the above sense, QCoh is a fpqc stack of categories by the faithfully flat descent
theorem.

Example 1. We give a few example of stacks.

A trivial example is that every scheme regarded as a sheaf is a stack via the inclusion of the
category of sets into the category of groupoids. By abuse of notation, we will refer to the stack
coming from a scheme X by X.

A slightly more non-trivial example is the quotient stack. Let S be a scheme, X a scheme
over S, and G a flat group scheme over S such that the sturcture map G — S is quasi-compact.
Suppose we have an action of G on X. Then we define the stack X/G to send an affine scheme
over S U — S to the category of pairs (P — U, ap), where P — U is a G-principal bundle (or G-
torsor), and ap : P — X is a G-equivariant map, and a morphism (P — U,ap) = (Q — U, aq)
is a morphism of principal bundles f : P — Q (hence an isomorphism) such that ap = aqf.
We denote this stack by [X/G].

For two morphisms of stacks F — H and G — I, we can form the fiber product stack F x4 G,
defined by

F X 9(U) = ?(U) XQ(U) g’C(U)

where the right hand side is the homotopy fiber product of groupoids. It is easily verified that
this gives a presheaf of groupoids and the descent condition holds since products commutes with
limits.

Definition 1.3.2. We define a morphism of stacks M — N to be representable if for all
morphisms U — M where U is an affine scheme, we have U xy N is also an affine scheme.

Let P be a property of schemes (i.e. surjective, quasi-compact, separated, etc.) preserved
under pullbacks and local with respect to the chosen topology. Then we say a representable
morphism of stacks M — N satisfies the property P if for every map U — M where U is an
affine scheme, we have U x5 N — U satisfies the property P.

Definition 1.3.3. Let M be a stack. We define N to be a substack of M if it is a subobject of
M, or equivalently, the following conditions holds.

1. For each U, N(U) is a union of some path-components of M(U).
2. For each V' — U, N(U) — N(V) via restriction of M(U) — M(V) is well-defined.
3. Let {U; — U} be a cover, then X € N(U) iff X|y, € N(U;).

We say N — M is an open (closed, or locally closed) substack if N is a substack of M, and
this morphism is representable and open (closed, or locally closed respectively).

Definition 1.3.4. Let M be a stack over a scheme S. We define M to be a fpqc algebraic stack
if the diagonal morphism M — M x g M is representable, separated, and quasi-compact, and
there is some scheme X over S and a surjective, flat, and quasi-compact morphism X — M.
Here X is called an atlas of M, which means fpqc locally, M looks like a scheme.

Definition 1.3.5. Let M be a fpqc algebraic stack. We define the fpqc site over M with objects
the morphisms U — M where U is an affine scheme, and we assign the fpqc topology on U. We
define the structure sheaf Oy(U = Spec A) = A.

Equivalently, we may let the fpqc site over M with objects U — M where U is not necessarily
an affine scheme, but we may apply descent to obtain the information of U from an affine open
cover of it.
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Definition 1.3.6. Let M be a fpqc algebraic stack, and we define a quasi-coherent sheaf F over
M to be a Op-module sheaf on Aff /M, such that F(Spec A — M) is an A-module, and for a
lax commuting diagram (recall the definition of 2-morphisms in the category of stacks)

Spec A / Spec B
M

we have a morphism F(v) — F(u), such that A ®p F(v) ~ F(u). As usual, this is an Abelian
category, and we can talk of derived functors.

Also, one may use Sch/M and replace all modules in the above definition by corresponding
quasi-coherent sheaves.

Definition 1.3.7. Let R be a ring. Then a Hopf algebroid over R is a pair of commutative
algebras over R, say (A,I'), such that (Spec A,SpecI') becomes a internal groupoid in the
category Affp. We denote the sturcture morphisms by nr,nr : A — I' the source and target,
A:T'>T ®4 I the composition, ¢ : I' — A, and the inverse ¢ : ' = T.

We define a left comodule M of a Hopf algebroid (A,T") to be a A-module M equipped with
a left A-linear map ¢ : M — I' ® 4 M, such that we have compositions

idy M BT M ZEM 6

M—Y I'oaM

wl lA@M

F®AMWF®AF®AM

We denote the category of left comodules of (A4,T") by Mod, Ar)- Here left is omitted since this
category is equivalent to the category of right comodules via the inverse map.

Construction 1.3.8. In some cases, there is a more convenient incarnation of its category
of quasi-coherent sheaves. Suppose we have an fpqc algebraic stack M with the atlas of the
form « : Spec A — M, and that we have the diagonal M — M x g M representable and affine
(we remark here that affine implies quasi-compactness and separatedness), we have Specl' ~
Spec A Xy Spec A is also affine, then investigating the Cech nerve of Spec A — M, we obtain
that (A,T") has the structure of a flat Hopf algebroid, with the structure maps given as follows.

SpecI' Xgpec 4 Spec T’ SpecT’
zl zi p1=n7,
A* %
Spec A X Spec A X5 Spec A —=—— Spec A Xy Spec A «—¢* SpecA —— M
< 5 P2=n,
—R

[

We claim that QCoh(M) ~ Mod 4 . For § € QCoh(M), let M = F(Spec A — M), and
p1 : Spec’ — Spec A identifies I' ® 4 M as F(a o p;1), and py : SpecI" — Spec A induces a map
M — I' ®4 M, which is the structure morphism of the comodule. This clearly gives a functor
QCoh(M) — Mod 4 -

For the inverse of the above functor, let M be a comodule, and we attempt to construct
a quasi-coherent sheaf F over M with F(SpecA — M) = M. Note that we have for any
Spec B — M, Spec A Xy Spec B an affine scheme, say SpecC, since M — M xg M is affine.
Spec A — M is flat and surjective, so Spec C' — Spec B is flat and surjective, hence faithfully
flat. Finally, we have

Spec C X gpec BSpec C' =~ (Spec A xySpec B) Xgpec B (Spec A Xt Spec B) =~ Spec I Xy Xt Spec B

8
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and by the structure morphism of the comodule, we obtain a descent data of M ®4 C over B,
and by the faithfully flat descent theorem, we may extend F to Spec B — M.

Definition 1.3.9. For an fpqc algebraic stack M, similar to the construction in definition 1.1.3,
we define the space of geometric points M| of M to be the set of equivalence classes of maps
Speck — M, where Speck — M and Speck’ — M are equivalent if there is some common
extension k” of k and k’, and Spec k” — M factors through the extensions. This can be made
a topological space with open sets defined by |U|, where U < M are open substacks.

Lemma 1.3.10. For algebraic stacks F — H and G — 3, the pullback |F xg¢ G| — |F| X3¢ |G|
1s surjective. If F — H is a closed substack and G is a scheme with G — H a fpgc cover, then
this map is 1-1.

Proof. The surjection is direct by verifying the universal property of pullbacks, and for the
case where G is a scheme, both spaces are geometric points of schemes, so we may verify this
directly. ]

Definition 1.3.11. We first recall that closed subschemes corresponds to sheaf of ideals. Sim-
ilarly, a sheaf of ideal J C Oy of the structure sheaf also defines a closed substack. We will
define this closed substack via the functor of points.

Recall that for X C Y a closed subscheme of a scheme defined via a sheaf of ideals J, we
can identify X by the functor of points X (A) ~ {f € Y(A)|f*J ~ 0}. Here we follow the same
process.

Recall that Oy is defined by letting for each f : Spec A — M, Oyn(Spec A) = f*Opr = A, so
a sheaf ideal would be for each f : Spec A — M, J(Spec A) = f*J = [ 4, where I is an ideal of
A. Therefore, we define the substack N defined by this sheaf of ideals to be

NU) = {f € mMU))|f*J = 0}
here mo(M(U)) corresponds to isomorphic classes of actual maps U — M (by the Yoneda lemma,
M(U) ~ Homggk (Spec U, M)

is a groupoid by the 2-morphisms in the category), so N(U) is a union of the connected com-
ponents of maps satisfying the above conditions. Moreover, we have an exact sequence in
QCoh(M)

0—=J—= 0p—i0x—0

Then notice that sheaf of ideals locally free of rank 1 corresponds to a section of an invertible
sheaf via tensoring the above exact seqeuence with J~!, and hence

00y ST 15 0n2T =0

This construction is called the effective Cartier divisors, which we will use later. The intuition
for this construction is that the vanishing locus of a section of a line bundle is a closed subspace.

Construction 1.3.12. For a fpqc algebraic stack M, we may construct a closed substack called
the reduced substack. Let € denote the category with objects closed substacks N C M inducing
an isomorphism on geometric points |N| — |M|, and morphisms inclusions of substacks. Then
let Jn denote the sheaf of ideals corresponding to N, and let J,.q := hﬂ@op In. We let M,..q be
the closed substack of M corresponding to J,.q. This is the initial (hence somehow smallest)
closed substack with the set of geometric points isomorphic to |M]|.

This somewhat implies that the reduced closed substacks of M is completely controlled by
its geometric points.
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Chapter 2

The moduli stack of formal groups

2.1 Coordinates and descent of formal groups

Definition 2.1.1. We let fgl denote the functor sending a ring to the set of formal group laws
over it. Then we let Isofgl denote the functor sending a ring to the set of isomorphisms of
formal group laws.

Theorem 2.1.2 (Lazard). fgl is representable by L = Z[b,...], Isofgl is representable by
W =Zlag', a1,...]® L.

Proof. We omit the proof of the first assertion, and simply give the construction of the iso-
morphism. Let Cy(z,y) = d;'((x + y)" — 2™ — y"), where d,, = p if n is a power of p and 1
otherwise. Then any formal group law is of the form

F(z,y) =z +y+ bCo(x,y) + b2C3(x,y) + - -

modulo (b1, ba,...)?%, and by analysing the irreducibles we obtain a non-canonical isomorphism
L ~7[b,...].

For the second assertion, note that an isomorphism of formal group laws F' — F’ is a map f
such that f(F(x,y)) = F(f(z), f(y)), so f corresponds to invertible formal power series, hence
Isofgl is representable by the above polynomial algebra. O

Corollary 2.1.3. (L, W) is a Hopf algebroid.
Proof. By construction. O

Construction 2.1.4. We define the moduli stack of formal groups Mgs to be the presheaf
Sch®? — Grpd by sending a scheme S to the groupoid with objects formal groups over S and
morphisms the isomorphisms of formal groups. For a map of schemes S — T and a formal
group H over T, we define f*T to be the pullback of functors

G — G
| |
S—— T

and f*G inherits a natural formal group structure over S. Note also that isomorphisms of
formal groups pulls back, so this defines a well-defined morphism of groupoids.

We define the moduli stack of formal group laws Mg to be the presheaf Aff°? — Grpd
by sending an affine scheme Spec A to the groupoid whose object is the formal group laws
over A, and morphisms the isomorphisms of formal group laws, and for a morphism of affine
schemes Spec B — Spec A (corresponding to a ring f : A — B) the pushforward of formal group

10
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laws. Note that isomorphism of formal group laws also pushes forward, so this defines a functor
Aff? — Grpd.

Note that a formal group law over A defines a formal group over A, so we have a forgetful
morphism Mgl — Mge. We do not yet know whether if they satisfy descent by now, but it will
turn out that Mg is a fpqc algebraic stack, while Mg is not even a stack.

To better understand the morphism Mgg — Mgg, we give in the following another charac-
terization of formal group laws.

Construction 2.1.5. Let G be a formal group over a scheme S, and we write Inf$(G) = G,
for short, then we define a coordinate of G to be a global section

z € I'(S;p.0¢) = lim I'(S; p.Og,,)

where p : G,, — S is the structure map.
Equivalently, a coordinate of G is an isomorphism = : G — S x A! of formal schemes over
S, which gives the above coordinate by the following diagram.

G z y S x Al

N

S

we would have 7. : .04, 21 =~ Og[[T]] = p«Og, which preserves the structure map Og, so the
only information would be a topologically nilpotent element 7', which is our orietnation. The
converse construction is similar.

Theorem 2.1.6. Let S = Spec A, then a formal group G equippped with a coordinate x is
equivalent to the data of a formal group law F € Allx,y]].

Proof. Firstly note that for a formal group law F over A, there is an associated formal group
Gr/ Spec A, therefore the element x € Al[z]] ~ I'(S,p«O¢,.) is the preferred orientation.

For the converse, directly apply the definition of the coordinate as an isomorphism z : G —
S x Al as in construction 2.1.5, which gives a formal group law. O

The construction of coordinates allows us to extend the definition of My, on non-affine
schemes.

Corollary 2.1.7. We define Mcoord : Sch®® — Grpd to be the sub-moduli stack (note that it is
not a stack, it satisfies no descent) of formal groups equipped with a coordinate, with morphisms
the isomorphisms of formal groups not mecessarily preserving the coordinates. Then we have
Meoord =~ Mgg1 viewed as stacks over the category of affine schemes.

Now we attempt to analyse the properties of Mgg.
Theorem 2.1.8. Mg, is a stack in the fpqc topology.

Proof. By the definition of a stack in definition 1.3.1, it suffices to verify that for two formal
groups G, H over some scheme S, the isomorphisms Isog(G, H) sending ¢ : U — S of schemes
to isomorphisms ¢*G — i*H is a sheaf in the fpqc topology, and that for a faithfully flat
quasi-compact morphism 7" — S, formal groups satisfies descent with respect to this morphism.

Before verifying the above for formal groups, we first verify the above for the formal Lie
varieties. Firstly, obviously the isomorphisms of formal Lie varieties form a fpqc sheaf by
the faithfully flat descent theorem for affine schemes in theorem 1.1.11. Then, consider a
faithfully flat morphism 7" — S, and a formal Lie variety X /T with a map of formal Lie varieties
Y 1 pi X — p5X, by passing to the infinitesimal neighborhoods X,,, we first see that since X,

11
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is affine over T', by the faithfully flat descent theorem for affine schemes in theorem 1.1.11,
we have a ind-infinitesimal scheme over Y/S whose infinitesimal neighborhoods are affine and
its pullback to T is X. Then it suffices to verify that Y is a formal Lie variety over S. For
the relative conormal sheaf, note that since f*Y = X, we have f*wg/y ~ wr/x. By the local
freeness of wyx, we have the local freeness of wg/y. Finally, the map Symg(wg/y) ~ Ag Iy is
an isomorphism since its pullback to X is an isomorphism.

Now we prove the descent for formal groups. By the descent for formal Lie varieties, it
remains to show that if (X, ) is a descent problem for formal groups over T, the solution to
the descent problem Y/S is also a formal group. This is done by descending the multiplication
morphism X xp X - X toY xgY — Y. O

We then consider the algebraicity of Mgg.

Lemma 2.1.9. Suppose we have S; = Spec A; for i = 1,2, equipped with formal group laws
Fy1, Fy, which induces maps S; — Mgg, then we have Sy Xy, S2 is an affine scheme. Explicitly,
suppose the formal group laws are classified by maps Spec A; — Spec L, then we have S1 X,
Sy ~ Spec(A; @ W ®r, Ag).

Proof. By corollary 2.1.7, we have the Mcoora — Mgg is fully faithful. But by assumption,
the maps S; — Mg factors through the substack Mcoora — Mgg. Thus the above pullback is
isomorphic to 51 X ,oq 2 = S1 X Mgy S9. By the definition of the pullback of stacks, for any
ring A, the groupoid S1 Xyg, S2(Spec A) has object the triples (f1, f2, @), where f; : Spec A — S;
and « : (f1)«F1 — (f2)«F3 is an isomorphism of formal group laws over A, and no morphisms
since Sp and Sy are schemes. This obviously identifies the pullback as Spec(A; @, W ®p Ag). O

Lemma 2.1.10. Let F; (i = 1,2) be formal group laws over a ring A, and let G; — S ~ Spec A
be the correpsonding formal groups. Then the sheaf Isog(G1,G2) is an affine scheme over S.
Explicitly, suppose the formal group laws are classified by maps Spec A; — Spec L, then we have
an isomorphism

Isog(G1,G2) ~ Spec(A ®@aga (A®L W L A))

Proof. This follows from lemma 2.1.9, where the extra factor A ® 494 — comes from the fact
that the in the triple (f1, f2, @), f1 = fo. O

Theorem 2.1.11. The stack Mgg is an fpgc algebraic stack, and let Spec L be the spectrum of
the Lazard ring, and let Gg be the formal group associated to the universal formal group law,
then G : Spec L — Mgy is the atlas.

Proof. We first prove that the diagonal map Mgz — Mgg X Mg is representable, quasi-compact,
and separated. Consider an affine scheme S and a map S — Mgz x Mgg, which gives two formal
groups G, G over S. Then the pullback S X, xtg, Meg evaluated on an affine scheme U is a
groupoids with objects given by quadruples (f, G, a1, asz), where

1. f:U — S is a map of affine schemes.
2. G a formal group over U.
3. a1 : G — f*Gy, as : G — f*Gg isomorphisms of formal groups.

and morphisms given by an isomorphism of formal groups over U f : G — G’ such that the
following diagram commutes

(G.G) () s (GG

M% %’1,0@

(f*G1, [7G2)

12
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This implies that the groupoid is discrete. In particular, this groupoid can be identified with
the set of isomorphisms f*G7 ~ f*Ga, which is precisely the sheaf Isog(G1,G32). This, by
lemma 2.1.10, is affine over S. Therefore the diagonal is representable and affine.

We then check that for all morphisms G : § — Mg, classifying a formal group G with
S >~ Spec A, we have S Xy, Spec L — S is quasi-compact and flat (it is obviously surjective).
By lemma 2.1.9, this morphism is affine hence quasi-compact. Recall that by theorem 1.2.6,
every formal group admits a coordinate Zariski locally, hence there is a faithfully flat morphism
f:T — S (where T' = Spec B) such that f*G admits a coordinate, and hence T Xy, Spec L =~
Spec(B @ W) — T is flat by the construction of W. But this is the base change of S Xy,
Spec L — S along T' — S, hence the morphism in question is also flat. O

Corollary 2.1.12. Since A : Mgz — Mgz X Mgg is affine, we may apply the construction in
construction 1.3.8. Noticing that we have the identification Spec W =~ Spec L Xy, Spec L, we
may identify QCoh(Mgg) ~ Mod 1)

Theorem 2.1.13. Mcoora — Mgg exhibits Mgg as the stackification of Mcoord-

Proof. We first remark that the coordinates are in some sense obstructions to the descent of
formal groups, since some formal groups over schemes does not admit any coordinates. Therefore
the stackification of Mcgora should behaves like removing some information on the coordinates.

Let S be a scheme, and let G be a formal group over S. Then we define a representative of
an equivalence class of coordinates to be a faithfully flat and quasi-compact map T"— S and a
coordinate [z] on f*G over T. Suppose we have two representatives of coordinates f; : T; — S
and [z;] a coordinate on fG over T;. Then we say they are equivalent if there is some f : T'— S
such that f factors through f; and the pullback of [z;] to T is equal. This is a sheaf in the fpqc
topology by the faithfully flat descent.

Then we define J\N/[coord as the stack of formal groups equipped with an equivalence class of
coordinates (recall that Mecoord is the stack of formal groups equipped with an actual coordi-
nate). Similar to the proof of descent of Mgg, JT/Ecoord is actually a stack. Moreover, there is
a natural map Mcoord — Mcoord — Mgg defined using the obvious maps. We first show that

Mcoord is the stackification of Mcoord, and then show that Mcoord — Mgg is an equivalence.

Firstly, suppose we have a morphism of presheaves of groupoids A : Mcoora — N where
N is a stack, we show that there is a factoring through Mcoora. To construct the factoring,
consider an object (G, [x]) € Meoord(S), we choose a fpqc cover p : T — S such that p*G has a
coordinate x representing [z]. Then T' — S gives an effective descent data for G, say (p*G, ¢).
Then we let A(G, [z]) be the descent of A(p*G, ¢) from T' to S as an object in N(.5).

Then we show that Mcoora — Mgg is an equivalence. We consider some scheme S, and take

a formal group G/S. We wish to show that the homotopy fiber of Jﬁcoord(S ) = Mgg(S) at G is
contractible. This is by definition the colimit lim,. coord(G/T) (where coord(G/T) is the
groupoid with objects the coordinates of G over T" and morphisms the isomorphisms of formal
groups respecting the coordinates). Note that isomorphisms of formal groups respecting the
coordinates is canonical, so coord(G/T) is either contractible or empty depending on whether
G has a coordinate over T'. Therefore this gives a contractible colimit. O

Theorem 2.1.14. Let A = Spec Z[aa—Ll, ai,...|] denote the algebraic group of formal power series
invertible under composition with multiplication given by composition. Then A acts on Spec L
given by the change of coordinates of formal group laws, then we have Mpg ~ [Spec L/A]

Proof. Expanding definitions, [Spec L/A|(U) is equivalent to the groupoid having objects pairs
(P — U,ap), where P — U is a principal A-bundle, and ap is a A-equivariant map P — Spec L,
and morphisms the maps of principal bundles. Therefore we attempt to connect each A-principal
bundle over U to a formal group, and prove that this is 1-1. Moreover, we must be able to
transfer the isomorphisms canonically between this equivalence.

13
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We first give the connection. For G a formal group over S, we let coordg denote the scheme
over S given by the functor of points, sending f : U — S to the set of coordinates of f*G over
U. This is clearly affine over S, and by definition it is a A-principal bundle (since the set of
coordinates in A[[z]] is the set of formal power series invertible under composition forgetting the
unit, which gives a natural setting of a A-principal bundle). Note that we have a A-equivariant
morphism coordg — Spec L is given by assigning = € coordg(U) to its corresponding formal
group law G, € Spec L(U). Moreover, for an isomorphism G — H of formal groups, we clearly
have a canonical isomorphism coordg — coordpy.

Therefore, it suffices to construct for each principal bundle P — S with an equivariant
map P — SpecL a formal group Gp, and for an isomorphism (P — S) — (@ — 5), an
isomorphism of formal groups Gp — Gg. We pick a trivialization of the principal bundle
P — S over a faithfully flat and quasi-compact map f : T" — S (that is, f*P — T is a
trivial A-principal bundle), and there is a map f*P — Spec L. Then note that the composition
f*P — Spec L — Mgg is A-invariant, so factors through the projection f*P — T'. This gives a
formal group over T. And then by faithfully flat descent, we may define a formal group over S.
The isomorphism required above is also direct by this construction. ]

After all these preliminaries, we may begin to connect the above theory to chromatic homo-
topy theory. We first give another characterization of the second page of the Adams-Novikov
spectral sequence.

Before this, we first give an algebraic characterization of gradings.

Lemma 2.1.15. A Z-grading on a ring A is equivalent to a Gy, (the multiplicative group)
action on the spectrum Spec A.

Proof. We let the coaction be given by 1 : A — A ® Z[t*!]. Then we let A" := {x € Ay (x) =
x ®t"}. This, upon verifying other properties, gives a graded ring. O

Construction 2.1.16. Recall that the functor sending a ring to the formal group laws is
representable by Spec L, where L = Z[by, ba, .. .| and the isomorphisms of formal group laws is
representable by Spec W, where W = L[agl, aiy,...|. Now, we consider the strict isomorphisms
of formal group laws, which is a formal power series f = x + a;2? + ---, and F(f(z), f(y)) =
f(F'(x,y)). Clearly the strict isomorphisms of formal group laws is representable by Spec Wj.
By definition, (L, Wp) is also an Hopf algebroid.

Now we investigate the relation between the Hopf algebroids (L,Wy) and (L,W). We
first note that we have a natural grading structure on L given by G, ~ Spec L, AF(x,y) =
A"LF(A\x, \y), where F € Spec L(A), A € A*. Or equivalently, we say in L ~ Z[by, ...] we have
b; is of degree 1.

Then we let P = Z[ag"', a1,...] and Py = Z[ay, ...] as the underlying ring of the spectrum
of invertible formal power series (we previously defined A = Spec P and we now define Ay =
Spec Py). We notice that W ~ L® P, while Wy ~ L® Py, and moreover we have P ~ B ®Z[aaﬂ].
This is somewhat the process of adding a free grading. We make this more explicit.

Note that in the identification P ~ Py ® Z[aZ'] can be viewed in terms of a semidirect
product of algebraic groups. Note that the ring Py can be viewed as a graded ring since a; is
the coefficient of 2!, hence can be endowed with the grading i. Therefore we have an action
Ao v~ H, and hence we have A ~ Ay x H. By definition of a semidirect product, a right A
action on some scheme X is equivalent to the data of a right Ay action and a right H-action
which is compatible in the sense that for all rings A and = € X(A), g € Ag(A), and u € H(A),
we have z(g,u) = (zu)(gu). Here the intuition for gu would be some conjugate action u~'gu,
so the above line seems to make sense. This allows us to investigate the difference between the
quotient stacks [Spec L/Ag] and [Spec L/A].

Note that the embedding Ay — A gives a projection [X/Ag] — [X/A] by sending a Ag
principal bundle P — U to the induced bundle P xj, A — U equipped with the natural
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morphism to Spec L. Therefore this map is representable and faithfully flat, since Ag and A are
flat group schemes, and surjectivity of this map is similar to the surjectivity of X — [X/G].

Then for a commutative ring A and Py a Ag-principal bundle over Spec A. Then for u €
H(A), we define P* to be a principal bundle with underlying scheme isomorphic to the one
of P, but with a different Ay action given by sg := s(gu). Then the Ap-equivariant morphism
a : P — X induces another Ag-equivariant morphism o* : P* — X, explicitly given by
a“(s) = a(s)u™!, here u™! is the action of H(A) on X (A). Finally, we have Px, A — P¥x 5, A
a morphism of principal bundles by conjugation by u in the second variable. This gives, by the
functor of points of stacks, gives a morphism [X/Ao] x H — [X/Ao] X[x/a] [X/Ao], which turns
out to be an equivalence. This is the incarnation of the so-called Galois descent.

Therefore, we have the following identification of the Cech nerve

[X/No] X x/a) [X/Ao] X [x/a) [ X/ Ao] g [X/Ao] % (x/a) [X/Ao] = [X/Ao] — [X/A]

[X/Ao] x Hx H [X/Ao] x H «—— [X/Ao] — [X/A]

J

AN A

~ NN

and hence by the faithfully flat descent theorem for quasi-coherent sheaves, we can identify
QCoh([X/A]) with a system of quasi-coherent sheaves over [X/Ag] x H™ such that pullback of
sheaves along the structure morphisms give isomorphisms.

We apply the above descent to the case X = Spec L and Aq the strict isomorphisms, A the
isomorphisms and H = G, the multiplicative group, and translating the quasi-coherent sheaves
of stacks to the setting of comodules, we have the following. If M is a (L, L®Z[a§1])—comodule,
then M ® Ay admits a induced structure as a (L, L ® Z[aad])—comodule structure given by the
diagonal action of G,,. Thus we define the category of (L, L ® Z[aZ'])-comodules in (L, L ® Ag)-
comodules to be the (L, L ® Ag)-comodules whose structure map ¢ : M — M ®4 (A® Ag) is a
map of (A, A® K)-comodules. Then the above is simply saying that the category of (L, L® A)-
comodules is equivalent to the category of (L, L ® Z[ai'])-comodules in (L, L ® Ag)-comodules.

In particular, for the case in G,,, we can make a further identification. Since G,,-actions
are equivalent to gradings, the category of (L, L ® Z[ag"'])-comodules in (L, L ® Ag)-comodules
is simply the category of graded (L, L ® Ag)-comodules.

Construction 2.1.17. Now we briefly introduce the Adams Novikov spectral sequence in terms
of Mgg. We define the quasi-coherent sheaf of invariant differentials w over Mg, the following.
For a morphism Spec A — Mg, it classifies a formal group over Spec A. Choosing an arbitrary
coordinate, we obtain a formal group law F over A. We define a differential f(x)dx € A[[z]] to
be an invariant differential if we have f(x +ry)d(z+ry) = f(x)dz + f(y)dy. This is a module
over A which is free of rank 1 and independent of the choice of the coordinate (it can be viewed
as the Lie algebra of a one dimensional group G, recall the construction Lieg ~ Symgwg/q),
and hence we can assign w(Spec A — Mgg) to be the module of invariant differential of this
formal group over A. By some work, we may check that this construction is compatible with
pullbacks, and hence defines a quasi-coherent sheaf over Mgg.

By the procedure discussed in construction 1.3.8, we consider w(Spec L — Mgg), classifying
the formal group

F(z,y) =x+y+b.Co(x,y) + -

By some calculation, this corresponds to L[1] as a graded (L, W;) comodule, and hence the
E?-page of the Adams-Novikov spectral sequence can be identified with

By = Bxtyly, y (MU. MUL) = Extyy, a0 (MU, Q¥ MU,) = Extiy (L, Llt]) = H*(Mgg, ")
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2.2 The p-local case and the height filtration

In this section we focus on the p-local case. In this case, we have a filtration on the stack Mgg,
which gives more interesting structures.

Definition 2.2.1. For an algebra A over Z,) and F' a formal group law over A, we define
np(x) =c4+px+rp---+rz

and for n coprime to p, n is invertible in A, hence [n]F is an invertible power series. Therefore
we have [1/n]p(x) as its inverse in composition. We add the primitive n-th root of unity ¢ to
A, and we note that

fa(@) = [1/n)p(z +F (o 4p Ca+p - +p (")

which is a polynomial over A. We define F to be p-typical if f; = 0 for all primes ¢ # p.

More generally, for the case of non-affine schemes S and a formal group G over S, we say
a coordinate z € I'(S;p«O¢g) of G is p-typical if x makes the formal group I'(S;p.O¢g) over
SpecT'(S; Og) p-typical.

We remark here that the property of being p-typical is defined on coordinates rather than
formal groups. Recall that we have the following facts on p-typical formal group laws.

Theorem 2.2.2. Let A be a Zy,)-algebra, and let F' be a p-typical formal group law over A.
Then there are elements u; € A such that

2
plr(x) = pr +F uia? +p ugz? +p---

Moreover, this sequence u; completely determines F'. Therefore, the functor p — fgl sending
a Zp)-algebra to p-typical formal group laws over it is representable by

V= Z(p)[ul,uQ,...]

Then, for an isomorphism f of p-typical formal group laws G — F, there is some t; € A
such that f~1(x) = tox +¢ t12P +¢ toxP” +g .

Finally, for every formal group F over A, there is a p-typical formal group law eF over A
and a canonical isomorphism F — eF, which is the identity if F' is itself p-typical. Therefore,
Mpfcoord = SpeC Z(p) X Mcoord-

Corollary 2.2.3. The stackification for M,_coord s Spec Z(p) x Mgg. Moreover, let V' be the
above universal p-typical formal group law, then we have SpecV — SpecZy) x Mg an atlas.
Moreover, there is an isomorphism of affine schemes Spec V/ X Spec Zy) x Mg SpecV ~ Spec W,, =

Spec V[toi, t,...].
As before, V and W, are graded rings with |u;| = [¢;| = p’ — 1, and we have the category
QCoh(SpecZ,) x Mgg) = Mod v,y =~ gr Mod (v, ) =~ gr Mod zp, Bp, BP)

In the characteristic p case, we have the notion of height of a formal group, which gives a
filtration of the stack Spec Z,) x Mgg (we will later on write Mgg for short). From now on, we
fix a prime p and we first consider the characteristic-p fields.

Recall the height of formal group laws defined in construction 1.2.12, and the criterion of
a height at least n formal group to be height n + 1 in proposition 1.2.13. This gives closed
substacks of Mgg.

16
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Definition 2.2.4. We define a descending chain of reduced closed substacks
c= M(2) = M(1) — Mgy

by the following. Firstly note that we have SpecF, x Mgg < SpecZ,) x Mg an inclusion of
closed substacks. We define M(1) = F), x Mgg. In particular, this is the effective Cartier divisor
of the pair (Oyg,,p). Then we define the M(n + 1) — M(n) to be the effective Cartier divisor
of the pair (wP" =1 v,), which are defined in proposition 1.2.13. Note here that effective Cartier
divisors are naturally reduced, so M(n) are all reduced substacks of M.

We define H(n) to be the open complement of M(n + 1) in M(n). We denote this by
the moduli stack of formal groups of height exactly n. Moreover, let U(n) denote the open
complement of M(n + 1). This is the moduli stack of formal groups of height smaller than or

equal to n.

Construction 2.2.5. The above chain
s M(2) = M(1) — Mg
induces an ascending chain of ideals
0CT = (p) CI2C - C Oy,

Lemma 2.2.6. Recall SpecV = Spec Zy[u1,ug, .. .| — Mgg is an atlas. Then we have X (n) =
Spec V(n) = Fplup, unt1,...] = M(n) an atlas.

Proof. This is obtained by pulling back the effective Cartier divisors to V. O

Lemma 2.2.7. A formal gmup G —> S is of exact height n iff the global section v,(G) is
invertible as a morphism Og — "JG . In particular, every formal group over a field is of height
n for some n.

Proof. By definition of the open complement of a closed substack. O

Recall that the geometric points of Mgs controlls the behavior of its reduced substacks.
We then compute the set of geometric points of Mgg, so as to classify all its closed reduced
substacks. It turns out that we have the following.

Theorem 2.2.8. For all n, the algebraic stack M(n) is reduced. Moreover, if N C Mgg is any
closed reduced substack, then there is some n such that N = M(n) for some n.

We begin with some lemmas.

Lemma 2.2.9. Let U C Mg be an open substack and suppose U has a geometric point of height
n. Then it has a geometric point of height k for all k < n.

Proof. Let G : Spec k — U represent the geometric point of height n, then consider the diagram

obtained by choosing a coordinate. By definition, j is open and ¢ is flat. By definition of
representable morphisms, U Xy, Spec L is a scheme, and we may choose an affine open Spec A
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of it such that Speck — Spec L factors through Spec A. We let Gy denote the formal group
classified by this map. WLOG suppose that Speck — Spec A induces a surjection A — k,
we choose an element w € A which maps onto v,(G) € k (we identify wg with the base ring
via a trivialization). Since v,(G) # 0 € k, w is not nilpotent, and hence we may consider
R[w™!] which makes w a unit in R. Therefore the pullback ideal J,,1(Go) = R since w is
invertible. Since Spec R — Mgy is flat, by exactness of pullbacks, by the definition of effective
Cartier divisors, the chain of ideals J; C --- C J,,(Gp) is generated by a regular sequence. Then
let R, = R/J,(Go), and let g; denote the quotient maps. We conclude that vy (g;Go) is not
nilpotent in Ry, by definition of a regular sequence. Thus we choose some pi C Ry such that
vk (q;Go) €& pr, and hence Spec Q(Ry/pi) — Spec R — U represents a geometric point of height
k. O

We need more results on reduced substacks.

Definition 2.2.10. Let M be an fpqc algebraic stack and suppose X — M is an atlas. We let
Nily denote the sheaf of nilpotent elements in Ox. We define Nily; to be the quasi-coherent
sheaf over M obtained by the descent data p] Nilx ~ Nilx ., x ~ p5 Nily.

Lemma 2.2.11. Suppose M is an fpqc algebraic stack and X — M is an atlas. Then Nily; ~
Ired-

Proof. Let My — M denote the closed substack defined by Nily, then X,.ed — My is a cover.
Note |X,eq| = | X, and | X,eq| — [Mp] is surjective, we have |Mp| = |M]|. Therefore we have
Myeqd € Mg, or J..q € Nilps. For the inverse inclusion, let N € M be a closed inclusion defined
by an ideal § with |[N| = |[M]|. Let Y — N denote the pullback cover obtained from X. Therefore
Y is a closed subscheme of X defined by J|x, and the natural map |Y/| — [X] X |5 [N] is an
isomorphism by lemma 1.3.10. Thus |Y| = |X|, and hence X,.q C Y. Therefore Nily; C J by
descent, and hence Nily C J,.cq. ]

Lemma 2.2.12. Let N C Mg, be a closed substack. If N has a geometric point of height n,
then M(n) C N.

Proof. Note that by the definition of reduced closed substacks being the initial closed substack
with isomorphisms on the geometric points, it suffices to prove that there is some M(n) with
|M(n)| € |N|. Note that this can be rephrazed by considering the complement open of N, say
U, which says that if U does not have a geometric point of height n, then it does not have a
geometric point of height k for & > n. But this follows from lemma 2.2.9. O

Now we prove theorem 2.2.8

Proof. Suppose N C Mg, is closed and reduced. Then let n be the smallest integer such that
N has a geometric point of height n. Thus M(n) C N by lemma 2.2.12. Since n is the smallest
integer, we have |[M(n)| = |N|, and since N is also reduced, we have this is an isomorphism. [

After classifying the closed reduced substacks of Mgg, we furthermore classify the differences
between the stratas H(n) = M(n) — M(n — 1) and M(c0) = (M (n).
In fact, we have the following theorem

Theorem 2.2.13. Let N(n) = H(n) if n < oo and N(co) = M(oc0), then F be a field of
characteristic p, and let G — SpecF be any formal group of height n, then the classifying map
for G SpecF — N(n) is a cover in the fpgc topology. In particular, N(n) has a single geometric
point each. This gives an equivalence of stacks N(n) with B Aut(I',,), where Ty, is a formal
group of height n over I,
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